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ABSTRACT

This study presents a mathematical model of the dynamics of tricone drill bits, which remain
widely used in open-pit mining due to their reliability and versatility. Despite their extensive
application, improving their efficiency and durability remains a relevant issue. The main
operational challenges are identified, including insufficient knowledge of the stress—strain state of
rocks in the contact zone and the effect of tooth geometry on kinematics and rock-breaking
efficiency. Analytical dependencies are proposed to account for bit geometry, trajectory motion,
transmission ratios, and tooth—rock interaction. Based on the principles of theoretical mechanics,
performance criteria are formulated through specific contact and volumetric work of rock
destruction, enabling an objective assessment of energy consumption. The model demonstrates
the potential of analytical methods for optimizing drill bit design and kinematics, reducing energy
consumption, increasing productivity, and extending tool life. The results can be applied in the
design of next-generation drill bits and in engineering software for selecting rational drilling
parameters under specific geological conditions. The proposed approach provides a foundation
for further studies in mathematical modeling of rock destruction dynamics and the advancement
of open-pit mining technologies.
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Indroduction

In global open-pit mining practice, well drilling is
mainly performed using roller bits, which are the key
tools in this production process. This type of work is
characterized by high labor intensity and high costs.
At the same time, about 80-85% of all drilling
operations are carried out using three-cone bits.
Drilling accounts for 25-40% of the total cost of
production, therefore, the tasks of increasing the
service life of bits and reducing the costs of their use
are of paramount importance [1].

Despite the accumulated experience in the field
of design and operation of roller bits, many aspects
of their operation have not been fully studied. In
particular, questions remain open regarding the
stress-strain state of the rock in the contact zone
with the teeth, an accurate description of the
dynamics of the interaction of the rollers with the
rock, as well as taking into account the forces of
penetration of the rock-destroying tool when
determining the kinematic parameters. Existing
approaches are often empirical in nature and do not
allow for a full consideration of the influence of the
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geometric parameters of the teeth on the efficiency
of rock destruction [2].

The modern development of drilling theory and
tool design requires a transition to mathematical
models that allow the real dynamics of the
interaction between the drill bit structure and the
rock to be described. This approach provides not
only a fundamental understanding of the
destruction process, but also the ability to optimize
the design of drill bits for specific operating
conditions.

In the conditions of the mining industry of
Uzbekistan, where large-scale open-pit mining is
carried out, the issues of improving the design and
increasing the durability of drill bits are of particular
importance. The use of mathematical modeling
allows solving the problems of optimizing the
structure of roller cutters, choosing rational drilling
modes and developing new tools that can reduce
costs and increase the reliability of the production
process.

However, to date, the stress—strain state of
rocks in contact with the working parts of drill bits,
as well as the dynamics of roller drilling tools and the
modeling of their interaction, have not been fully
investigated. There are unresolved problems due to
the failure to take into account the forces of
penetration of the teeth of the rock-cutting tool into
the rock when determining the kinematic
parameters of the drill bits [3].

The purpose of this work is to develop and
analyze a mathematical model of the dynamics of
three-cone drill bits, taking into account the
geometric parameters of their weapons, gear ratios,
and features of the trajectories of the teeth. Based
on the model, criteria for the tool's performance are
formed, allowing not only to evaluate its
effectiveness, but also to use the obtained results in
the design and implementation of new designs of
drill bits [4].

Materials

The main objective of the studies described in
this and the following chapters is to establish the
relationship between the obtained criteria for
assessing the performance of the roller cutter
structure and the classical criterion for the cost of
drilling per linear meter, known as the Bingham
criterion [5]. It should be noted that the kinematic
criteria in the form of relatively specific contact work
and volumetric destruction work were obtained on
a deterministic basis. We need to determine the

possibilities of efficient manufacturing of such
structures in the conditions of Uzbekistan.

Today, the goal of increasing the efficiency of
three-cone bits is viewed through optimization of
the process of rock destruction during drilling. This
requires a corresponding mathematical model that
describes the mechanism of interaction of the
cutting tool adequately to their real dynamics in the
well bottom [6].

Rock destruction by drilling bits can be assessed
by determining two parameters, such as specific
contact and specific volumetric work of destruction,
and are presented as follows [7]:

A _ Agen
sT T g

(1)

where: A, - specific contact work of destruction,
kgs.mm/mm?;

Agen - total work expended on deformation
and destruction of rock when pressing the stamp,
kgs.mm;

S - area of the flat base of a cylindrical stamp,

mm?;

A __Agen
v v’

(2)

where: A, - specific volumetric work of
destruction, kgs.mm/mm?3;
V - volume of deformed rock, mm?.

Next, it is necessary to show that the criteria for
specific contact work and volumetric destruction
work are functions of the geometric parameters of
drill bits, by varying which it is possible to solve
optimization problems to improve the dynamics of
tricone bit armament [8].

How the criteria for specific contact work and
volumetric destruction work depend on the
geometric parameters of the bit is easiest to trace in
the process of constructing their analytical
structures. All this is based on the method for
calculating the main parameter of these criteria - the
contact path of the teeth of the roller cutters at a
given depth of their immersion in the rock [9].

To calculate the technological criteria for the
performance of three-cone bits, it is necessary to
construct two-parameter equations of the
trajectories of the movement of the tooth tip of the
roller cutter in the form [10]:

x =x(G,p,9)
y=y(G,9,¥) ¢, (3)
z=12z(G,9,¥)
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or
x=Rsing—rsiny cosg—r(1-cosy)singcosa,
y=Rcosp+rsinysing—r(1-cosy)cospcosa, ¢,
z=r(1 cosy)sing;

(4)

where I'is a set of geometric parameters, and ¢
and  are the angles of rotation of the bit and roller
around their axes.

R is the radius of the circle at the bottom of the
well along which the crown rolls, mm;

ris the radius of the crown, mm;

a is the angle of inclination of the plane of the
crown to the plane of the cross section of the well,
deg.;

Next, we consider the transformations of two-
parameter equations (3) to one-parameter ones

x =x(G,i,Y)
y=y(G,i,¢) (5)
z=2z(G,i,Y)

The gear ratio of the roller cutter i, which
determines how many revolutions the roller cutter
will make around its axis in one revolution of the bit,
can be calculated using a special method [11].

The transformation of two-parameter equations
of motion trajectories in the form (5) to one-
parameter equations is carried out by substituting
[12]:

) (6)

-

where i - gear ratio of the bit. Then we have:

X; =R, SinT_rj siny/cost%— j],

w--(w\

y; =R, cosT+rj siny sin| =—— , (7)

i )
=r,(1 cosy).

where R, r, and i - constant parameters that
determine the external appearance (geometry) of a
tricone drill bit;

Y — variable parameter.

On the basis of theoretical mechanics, it is
possible to construct analytical structures of

dynamic criteria for assessing the performance of
three-cone bits [13].

The speed of movement of the teeth of the drill
bit rollers must be integrated and have the form of a
function of the parameter (.

Let's find it using the well-known formula of
theoretical mechanics [14]

dx )’ dy “(dz Y
v) y dy dy
Further

V() = \/Aj + Bjcos + Cjsin + D cos? 1),
(9)

Where:
R? +r?

__J J 2
Af - i2 77
2R:T;

B] — l_“cosy,
2R;1;
j —%siny,
2
7".
j
D; 7

Here, it should be noted that the offset angle y;
refers to the j-th crown, and is determined through
the magnitude of the offset of the roller cutter axis
in the plan k and through the radius of the circle at
the well bottom R;, along which this crown rolls.

Expressions for calculating the path of contact of
a roller cutter tooth with displaced axes of rotation
in the plan are found using the well-known formula
of theoretical mechanics:

S = IV dl//, (10)
Yo

where: o and ¢, respectively, the lower and

upper limits of integration, depending on a given or

certain depth of immersion of the contact paths into

the rock.

The expression we are Iooking foris:

S —IV )dy + I w)dy (11)

27— Vi

H.
Where is :arccos(l R
risine
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H; = hj - calculated height on the toroid belt if the
crown is in contact with the rock on the periphery,
mm;

H; = §; - Specified height of the trajectory on the
toroid belt, if the crown contacts the face not on the
periphery, mm.

Here it is necessary to consider two cases of
assigning the limits of integration:

1. If the j-th crown is not rolled on the
periphery of the face, then

Yi(s)

2z
Sj:IVj(w)dw+ I Vi(v)dy (12)

0 27-,(5)

3. If the crown is peripheral (first, calibrating),
then

Yi(s)

2z
S, = J.VJ. (w)dy + J. V(v)dy . (13)

0 27-y(h)

In general, the integration of the contact paths
of the teeth of the cutters with the offset axes of
rotation in the plan is since the contact and contact
paths are not equal to the contact paths of the exit
from the contact, even with equal values of their
immersion in the rock.

' quji
A= 3. AS Toila

(§(cos(5-8)5))(Pzayia)

Results

Next, let's look at the calculation of the cutter
ratio of a tricone drill bit i, which is the main
parameter for calculating contact paths when
embedded in rock. The gear ratio of the cutters can
be determined by the ratio of the radius of the net
rolling ring ro and the radius of the circle at the
bottom of the hole along which it rolls Rpin the form:

Ro_j¥ (14)

To determine the performance assessment of
tricone drill bits, the following criteria should be
considered:

- analytical structure of the criteria;

- The physical meaning of the criteria;

- Possibilities of Criteria for Evaluating the
Performance of Tricone Bits in Solving Optimization
Problems.

Criteria (1) and (2) are objective energy criteria
for the static destruction of rock under a stamp in
the study of the physical and mechanical properties
of rocks [[16], [17]].

Energy criteria for the physical and mechanical
properties of rocks during their static fracture are
the criteria for assessing the performance of drill bits
in the form of relative specific contact and
volumetric fracture work, the analytical structure of
which is presented below in the formulas.

It is proposed to take the following functional
dependencies as criteria for assessing the
performance of drilling tricone bits:

|
sin 21//+%sin4z//, (15)

Ty ilq,; sin2¢+%sin4lp, (16)

"o 3
Aq,j - z:q=1 .
3 ZTTRq'qu’j(Tt— ¢ _np

Pax

q
h(1+tg<;))

Where is
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Iy

T, = 4-[%{(&“. —2r, ,COSy, ; COSax )+ 17, [COSa(COSa—Ziq)+(l+ j)]}J+

4+2. 2:’3,,- (r,;cosa—R,;cosy, )i, —COSa)—|+
L q
r 2
4D M(rq,j cosa — R, ; cosy, ; )(i, —cosoz)—|—(f‘—é"sin2 aj;
L q J k Iq
1(8-:_%2{(&4'1 — 21, ;COSy, ; COSa )+ 17, [COSa(COSa—Ziq)+(1+ j)J}J_
Iq,j :E‘ i 2 ’
|—8- ZRq’—ZJ'rq’i(rq’jcosa—Rq’jcos;/q’j)(iq—Cosa) —3-(@Sin2a

q

g, j — The index that determines the number of
the cutter and the number of the crown;

R — Crown rolling radius at the bottom of the
well, mm;

r —radius of crown, mm;

i — drill bit gear ratio;

o — Corner of the Axis of cone bits, deg;

. (K
y =arcsin (Ej — offset angle, deg;

() — variable parameter of the cone bit, deg;

8 — Tooth sharpening angle, deg;

¥ — Angle of inclination of the axis of the crown,
deg;

a — Tooth cross-section length, mm;

b — Tooth cross-section width, mm;

F — Tooth movement resistance force, N;

z— Number of teeth, pcs;

P.x— Axial load on the tooth, kN;

Pn — Rock hardness, Pa;

¢ - Angle of internal friction, deg;

r:— radius of the cutting part of the tooth, mm.

The assessment of the performance of drill bits
is the kinematic parameters, for the kinematic
passport of the tricone bit, tabular and graphic forms
are presented [18,19,20].

Without the use of computer technology,
calculations and analysis of the dynamics of tricone
bit armament based on these formulas are
ineffective [21].

Discussion

As can be seen, formulas (15) and (16) show the
set of geometric parameters of drill bits.

g )

The implicit dependence of these criteria lies in
the specified value of insertion (immersion) of the
teeth of the cutters into the rock. This dependence
is associated with the geometric parameters of the
drill bits, on the shape of the teeth, on the energy
parameters transmitted to the teeth, on the physical
and mechanical properties of rocks in certain
conditions (constrained, lightweight) at the bottom
of the well, i.e.:

6=6(D,P,E). (17)

To date, this function has not been built in an
explicit form. But this fact is not an obstacle for
studying the performance of tricone bits under
other equal conditions, i.e., at a given value of tooth
insertion. At the same time, we also know the limits
of change in this value

0<6<hy, (18)
where: h; - the height of the tooth departure
from the body of the ball, mm.

Thus, it can be argued that the criteria for
assessing the performance of tricone bits in the form
(15) and (16) are functions of the triad: bit — rock —
energy.

The physical essence of kinematic criteria and
their obvious dependence on the geometric
parameters of drill bits serve as an objective basis for
the development of a methodology for improving
the dynamics of new structures and their
modifications.




2027; 342(3):27-34

ISSN-L 2616-6445, ISSN 2224-5243

Conclusion

The conducted research has resulted in the
development of a mathematical model describing
the dynamics of the armament of tricone drill bits,
taking into account their geometric parameters,
gear ratios, and the kinematics of tooth movement
in the rock contact zone. Analytical dependencies
have been obtained that make it possible to
guantitatively assess the specific contact and
volumetric work of rock destruction, which serve as
objective criteria for evaluating drilling efficiency.

The proposed model provides a theoretical
framework for determining the relationship
between the structural parameters of drill bits and
their operational performance, thereby enabling
optimization of bit geometry and operating modes
under various geological conditions. The results
demonstrate that improving the dynamic
characteristics of tricone bits through mathematical

consumption, increase drilling productivity, and
extend tool life.

The formulated energy and kinematic criteria
can be effectively used in the design of next-
generation drill bits and in computer-aided
engineering systems for simulating drilling
processes. Further research should focus on
experimental verification of the developed model
and on the integration of the obtained results into
practical design and optimization methodologies for
rock-destroying tools in open-pit and deep drilling
operations.
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Yw Kaway Ticti 6ypFblnapabl ababikTay AMHAMMUKACDIHbIH,
MaTemaTuKanbiK moaeni

! Towos X.B., 2 Lepos K.T., 3 bapartos B.H., *Pabatynbl M., * Ipkunos [.W.

1 Ucnam Kapumoe ameiHOarel TawkeHm Memaekemmik TexHuKanelk YHusepcumemi, ©36ekcmaH
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TYAIHAEME

Makanaga ceHimginiri meH ambebanTbiibifbiHa 6aliNaHbICTbl  albIK  KapbepAik Tay-KeH
JKYMbICTapblHAQ KeHiHeH KOA4aHblNaTblH YW Kaway TicTi  bypfblnapabl  KababikTay
AVHAMMKACbIHbIH, MaTeMaTUKabIK MOAENI YCbIHbIFAH. ¥3aK Mep3imai nainaanaHy TaxipubeciHe
KapamacTaH, onapapliH, TMiMAiniri meH 6epikTiriH apTTbipy Macenesiepi e3ekTi 60abin Kana bepeai.
Herisri navaanaHy macenenepi, COHbIH, ilWiHAE KaHacy alMaFblHAAFbl Tay KbIHbICTAPbIHbIH,
Makana kengi: 1 Kbipkyliex 2025 KepHey-aepopmaumsa Kyii KaHe bypfFblaay KallayblHblH, TiCTepi reoMeTpUACbIHbIH, KMHEMAaTUKa
CapanTtamagaH eTri: 1 kapawa 2025
Kabbinganabl: 8 kaymap 2025

MeH KupaTy Tuimainirine acepi Typanbl 6iniMHiH, KeTKinikcisgiri aHbiKTanabl. acanfaH
QHANUTUKANbIK TayenainikTep KallayAblH reOMeTPUACbIH, KO3FaibiC TPAeKTOpuACbIH, Bepinic
KaTbIHACTapblH YKoHe TICTEPAiH KblHbICNEH ©3apa 9peKeTTecyiH ecKkepyre MyMKiHAIK bepep,.
TeopuAnblK MexaHWKaFa CyhMeHe OTbIpbIf, 3HepPrus LWblFblHAAPbIH O6BEKTUBTI 6afanayabl
KamMTamacbl3 eTeTiH MEHLUIKTI YKaHacy ’KaHe Kenemgaik 6y3y XyMbICTapbl apKblibl eHIMAINIK
KpUTEpUiNepi TYXKblpbiIMAanapl. Y¥CbIHbLIFAH MOLENb  KallaynapablH, KYpblIbIMbIH - KaHe
KMHEeMaTUKacblH OHTalNaHAbIPYFa, 3HEPrus LWblfbIHbIH a3aiTyFa, OHIMAINIKTI apTTbipyFa XKaHe
KbI3MET eTy Mep3iMiH y3apTyfa MyMKIHAIK 6epeai. AnblHFaH HaTuKenepai »KaHa 6yblH
Kawaynapapl kobanaysa KoHe HaKTbl Tay-KeH XX9He reoNoruAnblK Kafdannapga yTbiMabl
bypfblnay napameTpsiepiH TaHAayFa apHanfaH WHXeHepnik bafgapnamainbik KacakTamaHbl
»Kacayga navganaHyra 6onagpl. YCbIHbINFAH TACIA Tay KbIHbICTapPbIHbIH, BY3blaybl AMHAMMKACHIH
MOZe/NbAiey KaHe allblK Kapbepaik eHAIpYy TEXHONOTMANAPbLIH XETiNAIpY canacbiHAafbl 04aH api

3epTTeynepain, HerisiH Kypaiabl.
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Tyiiin ce30ep: Tay *biHbICbl, BypFbinay, bypfbl Kalaybl, KKNHEMATUKA, KYMbIC, Kobanay, Mogensb,
TeHAaey.
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Moctynuna: 1 cenmabps 2025
PeueH3npoBaHue: 1 Hoabpsa 2025
MpuHATa B Nneyatb: 8 AHeaps 2025

AHHOTAUMA
B pabote npeacTaBieHa MaTeMaTUYeCKan MOLENb AUHAMMKM TPEXLIAPOLLEYHbIX BYpOBbIX 40JIOT,

KOTOPblE COXPaHAIOT LMPOKOE NMPUMEHEHWE B YC/IOBUAX OTKPbITbIX FrOPHbIX paboT 6naroaaps
CBOEN HAAEKHOCTM M YHMBEPCaNbHOCTU. HecmoTps Ha A/IMTEeNbHbIA OMbIT MCMO/b30BaHUs,
BOMPOCHI NOBbIWEHNUA UX 3GPEKTUBHOCTU U AONTOBEYHOCTM OCTAIOTCA aKTyasbHbIMM. YTOUYHEHbI
K/HOYEBbIE IKCMyaTaLMOHHbIE NPOB/IeMbl, BK/HOYAA HELOCTATOUHYIO M3Y4EHHOCTb HaNPAKEHHO-
£ebopMMPOBAHHOIO COCTOAHMA MOPOA, B 30HE KOHTaKTa M B/MAHME reomeTpuu 3y6bes Ha
KMHEMATUKY U 3PDEKTUBHOCTb paspyweHna. MpeaioxeHbl aHaAUTUYeCKMe 3aBUCUMOCTH,
YYUTBIBAIOLLME FEOMETPUIO BOOPYIKEHMA, TPAEKTOPUIO ABUNKEHWSA, NepeaaToUdHble OTHOWEHUA U
B3aMmopgencTeme 3ybbes C Noposoil. Ha ocHOBe TeopeTMHECKON MeXaHWKU chOopMyAnpoBaHbI
KpuUTepun pabotocnocobHOCTV Yepes yaenbHble KOHTaKTHbIe U 06 bEMHbIE PaboTbl paspyLleHus,
4yTo ObecrneunBaeT OOBLEKTMBHYIO OLEHKY 3HEepreTMdeckux 3atpar. Mogesnb AemoHcTpupyert
BO3MOMHOCTM aHaIMTUHECKMX METOAO0B A/1A ONTUMM3ALMM KOHCTPYKLMM U KMHEMATUKKU [0J10T,
CHUXEHMA 3HepronoTpebeHns, NOBbILEeHUA NPOU3BOAUTENbHOCTM U YBENIMYEHUA CPOKA CTYKObI.
MonyyeHHble pesy/nbTaTbl MOTYT 6bITb MCMOAb30BaHbI NPU MPOEKTUPOBAHMM [ONOT HOBOrO
MOKO/IEHWS M CO34aHUM UHXXEHEPHOrO NPOrPammMHOro obecrneyeHuns ans Bbi6opa paLMoHanbHbIX
napameTpoB BypeHUs B KOHKPETHbIX FOPHO-Te0NIOrMYECKMX YCI0BUAX. MPeaNoKeHHbIN NOAX04
bopmMMpyeT OCHOBY ANA AanbHEMWMX UCCnefoBaHUA B 061acTM MOAENMPOBaHUA ANMHAMMKM
paspyLIeHnsA NOPOA, 1 COBEPLUEHCTBOBAHMA TEXHONOMMI OTKPbITbIX FOPHbIX PaboT.

Knrouesbie cnosa: noposa, byperue, bypoBoe f0M0TO, KUHEMATUKA, paboTa, NPOEKTUPOBaHME,
MOAE/b, ypaBHeHMe.
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